



















ON THE POLYNOMIAL HARDY–LITTLEWOOD INEQUALITY
G. ARAU´JO, P. JIME´NEZ-RODRIGUEZ, G. A. MUN˜OZ-FERNA´NDEZ, D. NU´N˜EZ-ALARCO´N,
D. PELLEGRINO, J.B. SEOANE-SEPU´LVEDA, AND D. M. SERRANO-RODRI´GUEZ
Abstract. We investigate the growth of the constants of the polynomial Hardy-Littlewood in-
equality.
1. Introduction
Given α = (α1, . . . , αn) ∈ Nn, let |α| := α1 + · · · + αn and let xα stand for the monomial
xα11 · · ·xαnn for x = (x1, . . . , xn) ∈ Kn. The polynomial Bohnenblust–Hille inequality asserts that if
P is a homogeneous polynomial of degree m on ℓn∞ given by














for some positive constant DKm which does not depend on n (the exponent
2m
m+1 is optimal). Precise
estimates of the growth of the constants DKm are crucial for different applications. The following
diagram shows the evolution of the estimates of DCm :
Authors Year Estimate
















Bayart, Pellegrino, and Seoane-Sepu´lveda 2013, [5] DCm ≤ C(ε) (1 + ε)m,
where, in the table above, C(ε) (1 + ε)
m
means that given ε > 0, there is a constant C (ε) > 0 such
that DCm ≤ C(ε) (1 + ε)m for all m.
Key words and phrases. Hardy–Littlewood inequality, Bohnenblust–Hille inequality; absolutely summing
operators.
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For real scalars it is shown in [7] that
(1.1)
m ≤ DRm ≤ C(ε) (2 + ε)m ,
and this means that for real scalars the inequality is hypercontractive and this result is optimal.
When replacing ℓn∞ by ℓ
n
p the extension of the Bohnenblust–Hille inequality is called Hardy–
Littlewood inequality and the optimal exponents are 2mpmp+p−2m for p ≥ 2m. This is a consequence
of the multilinear Hardy–Littlewood inequality (see [2, 10]). More precisely, if P is a homogeneous
polynomial of degree m on ℓnp , with p ≥ 2m, given by













≤ DKm,p ‖P‖ ,
and DKm,p does not depend on n.
In this paper we look for upper and lower estimates for DKm,p.
2. First (and probably bad) upper estimates for DKm,p






α1! · . . . · αn! ,
for |α| = m ∈ N∗. A straightforward consequence of the multinomial formula yields the following
relationship between the coefficients of a homogeneous polynomial and the polar of the polynomial
(this lemma appears in [8] and is essentially folklore).
Lemma 2.1. If P is a homogeneous polynomial of degree m on Kn given by





and L is the polar of P , then







where {e1, . . . , en} is the canonical basis of Kn and eαkk stands for ek repeated αk times.
From now on, for any map f : R→ R we define
f (∞) := lim
p→∞
f(p).
The following result is also essentially known. We present here the details of its proof for the
sake of completeness of the paper.
Proposition 2.2. If P is a homogeneous polynomial of degree m on ℓnp , with p ≥ 2m, given by
























where CKm,p are the constants of the multilinear Hardy-Littlewood inequality.






















|L(eα11 , . . . , eαnn )|
2mp
mp+p−2m .
However, for every choice of α, the term








times in the sum
n∑
i1,...,im=1








































|L(ei1 , . . . , eim)|
2mp
mp+p−2m .




























≤ (m!)mp−p+2m2mp CKm,p ‖L‖ .
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Remark 2.3. Let us define the polarization constants for polynomials on ℓp spaces as
K(m, p) := inf{M > 0 : ‖L‖ ≤M‖P‖},






used in the proof of Proposition 2.2. Using K(m, p) instead of m
m
m! in the proof of Proposition 2.2




The calculation of polarization constants has been a fruitful problem since the 1970’s and some























whenever 1 ≤ p ≤ mm−1 .
3. The real polynomial Hardy–Littlewood inequality: lower bounds for the
constants
For m ≥ 2 and p ≥ 2m, let us denote by Hpol
K,m,p the optimal constants satisfying the polynomial
Hardy-Littlewood inequality with scalars in K. In this section we show that for real scalars the
polynomial Hardy-Littlewood inequality has at least an hypercontractive growth.





≤ 2mp+p−6m+44p ·m−1m ≤ Hpol
R,m,p.
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Proof. Let m be an even integer. Consider the m-homogeneous polynomial Pm : ℓ
m
p → R given by































































p ≥ 2mp+p−6m4p .
If m is odd, define





) · · · (x2m−2 − x2m−1)xm.
Then













































≥ 2mp+p−6m+44p ·m−1m .

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≥ ( 4√2)m− 1m .










4. Real versus complex estimates
As it happens with the constants of the Bohnenblust-Hille inequality, we observe that
(4.1) Hpol
R,m,p ≤ 2m−1HpolC,m,p.
In fact, from [13] we know that if P : ℓp → R is an m-homogeneous polynomial and PC : ℓp → C is
the same polynomial, then
‖PC‖ ≤ 2m−1 ‖P‖ .
We thus obtain (4.1). So if one succeeds in proving that the constants of the complex Hardy-
Littlewood polynomial inequality have a subexponential growth (as it happens with the constants
of the complex polynomial Bohnenblust-Hille inequality) then we immediately conclude that the
constants of the real polynomial Hardy littlewood inequality have an exponential growth and this
result is optimal (due to Theorem 3.1).
5. The complex polynomial Hardy-Littlewood inequality: trying to find upper
estimates
In this section we try to improve the estimates for the upper bounds of the complex polynomial
Hardy-Littlewwod inequality from Section 2. However, for p < ∞ the validity of our estimates
depend on a conjecture (see (5.1)). For the case p = ∞ our results are exactly those from ([5,
Remark 2.2]).
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The following multi-index notation will come in handy for us: for positive integers m,n, we set
M(m,n) := {i = (i1, . . . , im); i1, . . . , im ∈ {1, . . . , n}} ,
J (m,n) := {i ∈M(m,n); i1 ≤ i2 ≤ · · · ≤ im} ,
and for k = 1, . . . ,m, Pk(m) denotes the set of the subsets of {1, . . . ,m} with cardinality k.
For S = {s1, . . . , sk} ∈ Pk(m), its complement will be Ŝ := {1, . . . ,m} \ S, and iS shall mean
(is1 , . . . , isk) ∈M(k, n). For a multi-index i ∈ M(m,n), we denote by |i| the cardinality of the set
of multi-indexes j ∈ M(m,n) such that there is a permutation σ of {1, . . . ,m} with iσ(k) = jk, for
every k = 1, . . . ,m. The equivalence class of i is denoted by [i]. When we write c[i] for i ∈M(m,n)
we mean cj for j ∈ J (m,n) and j equivalent to i.
The following very recent generalization of the famous Blei inequality will be crucial for our
estimates (see [5, Remark 2.2]).





























Let us use the following notation: Sℓnp denotes the unit sphere on ℓ
n
p if p <∞, and Sℓn∞ denotes
the n-dimensional torus. More precisely: for p ∈ (0,∞)
Sℓnp :=
{





n = {z = (z1, ..., zn) ∈ Cn : |zi| = 1} .
For p ∈ [1,∞], let µnp be the normalized Lebesgue measure on Sℓnp . For the sake of simplicity, µnp
will be simply denoted by µn. The following inequality is a variant of a result due to Bayart [4,
Theorem 9] (see, for instance, [5, Lemma 5.1]).
Lemma 5.2 (Bayart). Let 1 ≤ s ≤ 2. For every m-homogeneous polynomial P (z) =∑|α|=m aαzα


















For m ∈ [2,∞] let us define p0(m) as the infimum of the values of p ∈ [2m,∞] such that for all
















for all positive integers n and all m-homogeneous polynomials P : Cn → C. For the sake of
simplicity p0(m) will be simply denoted by p0. From Bayart’s lemma we know that this definition
makes sense, since from Bayart’s lemma we know that (5.1) is valid for p =∞. We conjecture that
p0 ≤ m2.
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Now, let us state and prove the main result of this section. The argument of the proof follows
the lines of that in [9, 5]. We will use the following result due L. Harris (see [12, Theorem 1]):
Lemma 5.3 (Harris). Let X be a complex normed linear space. If P is a homogeneous polynomial
of degree m on X and L is the polar of P , then, for any nonnegative integers m1, ...,mk with
m1 + · · ·+mk = m and for any x(1), ..., x(k) unit vectors in X,
|L(x(1), ..., x(1)︸ ︷︷ ︸
m1 times
, ..., x(k), ..., x(k)︸ ︷︷ ︸
mk times
)| ≤ m1! · · ·mk! ·m
m
mm11 · · ·mmkk ·m!
‖P‖.
Theorem 5.4. Let m ∈ [2,∞] and 1 ≤ k ≤ m−1. If p0(m−k) < p ≤ ∞ (and p =∞ if p0(m−k) =



























· (BmultC,k ) p−2kp ‖P‖,
where Bmult
C,k is any constant satisfying the k-linear Bohnenblust-Hille inequality.






















































and we can use Lemma 5.1.
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Using Lemma 5.1 with sk =
2kp
kp+p−2k and q =
2p





















































































Let us fix S ∈ Pk(m). There is no loss of generality in supposing S = {1, ..., k}. We then fix some
iS ∈M(k, n) and we introduce the following (m− k)-homogeneous polynomial on ℓnp :
PiS (z) = L (ei1 , ..., eik , z, ..., z) .

































By the definition of p0 we have
‖PiS (z)‖skq ≤ K(m−k)sksk,p
∫
Sℓnp


















|L (ei1 , ..., eik , z, ..., z)|sk dµn(z).





z(1), ..., z(k), z, ..., z
)
and we obtain, from [3, Theorem 1.1] and Lemma 5.3,∑
iS






· (BmultC,k ) p−2kp · sup
z(1),...,z(k)∈Sℓnp































· (BmultC,k ) p−2kp ‖P‖.

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